Abstract. This is the second paper in a series of investigations of the pluripotential theory on Teichmüller space. The main purpose of this paper is to establish the Poisson integral formula for pluriharmonic functions on Teichmüller space which are continuous on the Bers compactification. We also observe that the Schwarz type theorem on the boundary behavior of the Poisson integral. We will see a relationship between the pluriharmonic measures and the Patterson-Sullivan measures discussed by Athreya, Bufetov, Eskin and Mirzakhani.
space which are continuous on the Bers compactification. This result is announced in [55] and [56] .
1.1. Backgrounds. Let T g,m be the Teichmüller space of type (g, m). Let T B x0 be the Bers slice with base point x 0 ∈ T g,m . Krushkal [37] showed that Teichmüller space is hyperconvex. By the Nehari-Kraus theorem, the Bers slice T B x0 is a bounded domain in a finite dimensional complex Banach space (cf. [7] ). Demailly [19] establishes fundamental results in the pluripotential theory, the existence of the pluricomplex Green functions and the pluriharmonic measures for bounded hyperconvex domains in the complex Euclidean space (see §8). where for ϕ ∈ ∂ ue T B x0 , F ϕ is the measured foliation corresponding to the measured lamination whose support is the ending lamination of the Kleinian manifold associated to ϕ, and Ext x (F ) is the extremal length of a measured foliation F on x ∈ T g,m (cf. §3.2).
Results. Let ∂T
The main result of this paper is as follows. Applying the Poisson integral formula (1.2) to V ≡ 1, we deduce that the Hubbard-Masur function is constant. Namely, the volume of the unit ball in MF with respect to the extremal length depends only on the topological type of Σ g,m (cf. Corollary 12.2) . This is first proved by Mirzakhani . The cocycle function β is also understood as the horofunction for the Teichmüller distance when ϕ ∈ ∂ ue T B x0 (cf. [40] . See also [50] and [51] ). The Poisson integral formula (1.2) is rewritten as [28] . See also Remark 12.1). This observation is in complete analogy with that in the case of the hyperbolic spaces. Actually, in the case of (g, m) = (1, 1), the formula (1.2) coincides with the classical Poisson integral formula after identifying the Bers compactification with the closed disk D = {|z| ≤ 1} such that the origin of D corresponds to the square torus (cf. [55] and [46, Theorem B] ).
In the proof of Theorem 1.1, we realize Teichmüller space as a convex cone in the 6g − 6 + 2m dimensional Euclidean space (cf. §7). We give an explicit presentation of the complex structure on the convex cone which makes the realization biholomorphic (cf. (7.12) and Proposition 7.2).
Schwarz [67] studied the behavior of the Poisson integral of integrable functions on the unit circle around points where given functions are continuous (see also [72, Theorem IV.2] ). We will observe an analogy with Schwarz's theorem as follows (cf. §12.3). 1.3. History, Motivation and Future. The complex analytic structure on Teichmüller space was described by Ahlfors with the variational formula of the period matrix (cf. [3] . See also [64] ). Bers [7] realized Teichmüller space as a bounded domain, called the Bers slice, in a finite dimensional complex Banach space. Teichmüller space has rich properties in the complex analytical aspect. For instance, Teichmüller space is Stein (Bers and Ehrenpreis [11] ), and hyperconvex (Krushkal [37] ); the holomorphic automorphism group is (essentially) isomorphic to the mapping class group (Royden [66] ); the moduli space is Kähler hyperbolic (McMullen [44] ); the Kobayashi distance coincides with the Kobayashi distance (Royden [66] and Earle-Kra [23] ) but it does not coincide with the Carathéodory distance (Markovic [41] ); and the Bers slice is polynomially convex (Shiga [68] ).
In a celebrated paper [18] , Brock, Canary and Minsky settled the ending lamination theorem. The ending lamination theorem enables us to parametrize the Bers boundary by topological invariants called the end-invariants, and makes a strong connection between the complex analytical aspect and the topological aspect in Teichmüller theory (cf. §4). Our research is based on sophisticated results in the theory of Kleinian groups as well as Teichmüller theory.
A fundamental problem behind this research is:
What are reasonable geometric objects which represent holomorphic functions on Teichmüller spaces?
while holomorphic mappings into Teichmüller space admit geometric interpretations, holomorphic families of Riemann surfaces (cf. [70] . See also [62] for a commentary and an English translation of [70] ).
To approach the problem, we attempt to realize holomorphic functions as functions on spaces emerging from the topological aspect. In the complex function theory on T g,m , Equation (1.4) will play as the homogeneous tangential CauchyRiemann equation (in the distribution sense) for the boundary functions of holomorphic functions on Teichmüller space (cf. [13] ). We will see that the homogeneous tangential Cauchy-Riemann equation is also formulated for integrable functions on the space of projective measured foliations (cf. Remark 12.2). The Bers boundary and the space of projective measured foliations are essentially assembled from topological invariants. The extremal length functions, which appear in the Poisson kernel (1.1), are thought of as the intersection number between marked Riemann surfaces and measured foliations in Extremal length geometry (cf. [45, Lemma 5.1] , [26] , [51] and §3.3). Thus, the Poisson integral formula (1.2) and the homogeneous Cauchy-Riemann equation (1.4) are expected to strengthen the connection between the complex-analytical aspect and the topological aspect in Teichmüller theory, and to develop Complex analysis on Teichmüller space with Thurston theory.
1.4. About this paper. This paper is organized as follows. From §2 to §5, we recall basics and known results in Teichmüller theory. In §6, we give relations between the geometric intersection numbers of measured foliations and the algebraic intersection number on the first homology group of the double covering spaces. The relations are essentially due to Hubbard and Masur [30] . In §7 and §9, we recall the holomorphic coordinates associated to theextremal length functions for essentially complete measured foliations developped in [57] , and the presentation of the Levi forms of the extremal length functions. An explicit formula of the Monge-Ampère measure associated to the extremal length function under the coordinates is also given (cf. (9.14) and (9.15)). The proof of Theorem 1.1 is accomplished in the discussion from §10 to §12. In the proof, we will compare the Thurston measure on the unit sphere in MF with respect to extremal length functions with the measures defined on the pluricomplex Green function on the level set (cf. Proposition 10.2). For the comparison, we adopt the reciprocals of extremal length functions as mediators (cf. (9.27)).
Teichmüller theory
Let Σ g,m be a closed orientable surface of genus g with m-marked points with 2g − 2 + m > 0 (possibly m = 0). We define the complexity of Σ g,m by ξ = ξ(Σ g,m ) = 3g − 3 + m. In this section, we recall basics in Teichmüller theory. For reference, see [2] , [20] , [25] , [31] , [32] , and [59] for instance. 
, where the infimum runs over all quasiconformal mapping h :
and K(h) is the maximal dilatation of a quasiconformal mapping h.
The mapping class group Mod g,m is the group of homotopy classes of orientation preserving homeomorphisms on Σ g,m . Any
we denote by Q x the complex Banach space of holomorphic quadratic differentials q = q(z)dz 2 on M with
The space Q x is isomorphic to C ξ . The union Q g,m = ∪ x∈Tg,m Q x is recognized as the holomorphic cotangent bundle of T g,m . A differential q ∈ Q g,m is said to be generic if all zeros are simple and all marked points of the underlying surface are simple poles of q. Generic differentials are open and dense subset in Q g,m and in each fiber Q x for x ∈ T g,m .
2.3. Infinitesimal complex structure on T g,m . Teichmüller space T g,m is a complex manifold of dimension ξ. The infinitesimal complex structure is described as follows.
Let
be the Banach space of measurable (−1, 1)-forms µ = µ(z)dz/dz on M with the essential supremum norm
Then, the holomorphic tangent space T x T g,m of T g,m at x is described as the quotient space
Any element of L ∞ (M ) is called an infinitesimal Beltrami differential in this context. For v = [µ] ∈ T x T g,m and ϕ ∈ Q x , a canonical pairing between T x T g,m and
Let q 0 ∈ Q x be a generic differential and v ∈ T x T g,m . The q 0 -realization of v is a quadratic differential η v ∈ Q x which satisfy
is an anti-complex linear isomorphism (cf. [21, Theorem 5.3] and [53, §4.2]).
Measured foliations and laminations.
Let S be the set of homotopy classes of essential simple closed curves on Σ g,m . By a multi-curve we mean an unordered finite sequences (α i ) i in S such that α i = α j and i(α i , α j ) = 0 for all i = j. Let i(α, β) denote the geometric intersection number for simple closed curves α, β ∈ S. Let WS = {tα | t ≥ 0, α ∈ S} be the set of weighted simple closed curves. The intersection number on WS is defined by (2.3) i(tα, sβ) = ts i(α, β) (tα, sβ ∈ WS).
Measured foliations.
We consider an embedding
We topologize the function space R S ≥0 with the topology of pointwise convergence. The closure MF of the image of the embedding is called the space of measured foliations on Σ g,m . Let
be the projection. The image PMF = proj(MF − {0}) is called the space of projective measured foliations on Σ g,m . We write [F ] the projective class of F ∈ MF − {0}. MF and PMF are homeomorphic to R 2ξ and S 2ξ−1 , respectively. By definition, MF contains WS as a dense subset. The intersection number extends continuously as a non-negative function i( · , · ) on MF × MF satisfying i(F, F ) = 0 and F (α) = i(F, α) for F ∈ MF ⊂ R S ≥0 and α ∈ S. The mapping class group Mod g,m acts on MF by
and [ω](tF ) = t[ω](F ) for t ≥ 0 and F ∈ MF . We say that two measured foliations F and G are transverse if no nonzero measured foliation H satisfies i(H, F ) = i(H, G) = 0 (cf. [26] ).
Measured laminations.
Fix a hyperbolic structure of finite area on Σ g,m . A geodesic lamination L on Σ g,m is a non-empty closed set which is a disjoint union of complete simple geodesics, where a geodesic is said to be complete if it is either closed or has infinite length in both of its ends. The geodesics in L are called the leaves of L. A transverse measure for a geodesic lamination L means an assignment a Borel measure to each arc transverse to L, subject to the following two conditions: If the arc k ′ is contained in the transverse arc k, the measure assigned to k ′ is the restriction of the measure assigned to k; and if the two arcs k and k ′ are homotopic through a family of arcs transverse to L, the homotopy sends the measure assigned to k to the measure assigned to k ′ . A transverse measure to a geodesic lamination L is said to have full support if the support of the measure assigned to each transverse arc k is exactly k ∩ L. A measured lamination L is a pair consisting of a geodesic lamination called the support of L, and full support transverse measures to the support. Let ML be the set of measured laminations on Σ g,m (with fixing a complete hyperbolic structure). A weighted simple closed curve tα is identified with a measured lamination consisting of a simple closed geodesic homotopic to α and an assignment t-times the Dirac measures whose support consists of the intersection to transverse arcs. The intersection number (2.3) on weighted simple closed curves extends continuously to ML × ML.
It is known that there is a canonical identification MF ∼ = ML such that F ∈ MF corresponds to L if and only if
(e.g. [16] , [63] and [71] ).
Convention. Henceforth, we will frequency use the canonical correspondence between measured laminations and measured foliations.
For F ∈ MF , we denote by L(F ) the support of the corresponding measured lamination. For simplicity, we call L(F ) the support lamination of F . For a geodesic lamination L, we define
It is known that MF L is a non-empty convex closed cone in MF.
An F ∈ MF is called minimal if any leaf of L(F ) is dense in L(F ) (with respect to the induced topology from Σ g,m ). An F ∈ MF is called filling if any complementary region of L(F ) is either an ideal polygon or a once punctured ideal polygon. In this paper, a measured lamination L is said to be uniquely ergodic if it is minimal and filling and if
A measured foliation is said to be uniquely ergodic if so is the corresponding measured lamination.
A measured foliation F is said to be essentially complete if each component of the complement of L(F ) is either an ideal triangle or a once punctured ideal monogon if (g, m) = (1, 1) and a once punctured bigon otherwise (cf. [71, Definition 9.5.1, Propositions 9.5.2 and 9.5.4]). Essentially complete measured foliations are generic in MF .
3. Extremal length geometry 3.1. Hubbard-Masur theorem. For x = (M, f ) ∈ T g,m and q ∈ Q x , we define the vertical foliation v(q) ∈ MF of q = q(z)dz 2 by
We call h(q) = v(−q) the horizontal foliation of q. Hubbard and Masur [30] observed that the mapping
is homeomorphic for all x ∈ T g,m . From (3.1), for any x ∈ T g,m and F ∈ MF, there is a unique q F,x ∈ Q x with v(q F,x ) = F . We call q F,x the Hubbard-Masur differential for F on x. When F is essentially complete, q F,x is generic for all x ∈ T g,m .
The horizontal and vertical foliations of q ∈ Q g,m are transverse. Namely,
holds for all H ∈ MF − {0}. Futhermore, we have an embedding
The image is characterized by (3.2) (cf. [26] ).
Extremal length. The extremal length of
The extremal length is a conformal quasi-invariant in the sense that
for x, y ∈ T g,m and F ∈ MF . The extremal length function is continuous on T g,m × MF. Furthermore, (3.3) is known to be sharp by the Kerckhoff formula
(cf. [33] ). The extremal length of α ∈ S is characterized by
where the supremum runs over all conformal metric ρ = ρ(z)|dz| on M . Substituting the hyperbolic metric to ρ in (3.4), we have a comparison
where leng x (α) is the hyperbolic length of the geodesic representative of f (α) on M . After setting leng x (tα) = t leng x (α) for tα ∈ WS, we see that the comparison (3.5) also holds for measured foliations (laminations). Minsky observed the following inequality, called Minsky's inequality
for F, G ∈ MF and x ∈ T g,m (cf. [45, Lemma 5.1]).
3.3. Extremal length geometry. The closure cl GM (T g,m ) of the embedding
is called the Gardiner-Masur compactification of T g,m . We identify T g,m with the image of (3.7). The Gardiner-Masur boundary ∂ GM T g,m is, by definition, the complement of T g,m from the Gardiner-Masur compactification. The Gardiner-Masur boundary contains PMF (cf. [26] ). 
, where x | y y0 is the Gromov product
4. Kleinian surface groups and the Bers slice 4.1. Kleinian surface groups. A (marked) Kleinian surface group is, by definition, a Kleinian group with an isomorphism from π 1 (Σ g,m ) which sends peripheral curves to parabolic elements. Let ρ : π 1 (Σ g,m ) → PSL 2 (C) be a Kleinian surface group. The quotient manifold H 3 /ρ(π 1 (Σ g,m )) is homeomorphic to Σ g,m × R (cf. [14] and [71] ). For α ∈ S, the hyperbolic length leng ρ (α) of α on the quotient manifold H 3 /ρ(π 1 (Σ g,m )) is the translation length of the corresponding element in ρ(π 1 (Σ g,m )). For a measured lamination (foliation) L which is realizable in the quotient manifold of ρ, we define the hyperbolic length leng ρ (L) as the hyperbolic length with respect to the induced hyperbolic metric from the pleated surface realizing L. By taking the lim-inf of the infima of length of measured laminations which are realizable in the quotient manifold of ρ, the (hyperbolic) length function leng ρ is well-defined on MF . The length function is known to be continuous on the product of the space of conjugacy classes of Kleinian surface groups for Σ g,m and MF (cf. [17] and [60] ).
When a Kleinian surface group ρ admits a simply connected invariant domain Ω ⊂Ĉ, the quotient Ω/ρ(π 1 (Σ g,m )) is a Riemann surface homeomorphic to Σ g,m .
The representation ρ determines a marking on Ω/ρ(π 1 (Σ g,m ) ). The hyperbolic length of any measured foliation H on Ω/ρ(π 1 (Σ g,m )) is at least leng ρ (H) (cf. 
The Bers slice T B x0 with base point x 0 ∈ T g,m is a domain in A 2 (D * , Γ 0 ) which consists of ϕ ∈ A 2 (D * , Γ 0 ) such that W ϕ admits a quasiconformal extension toĈ. The Bers slice T B x0 is bounded and identified biholomorphically with T g,m . Indeed, any x ∈ T g,m corresponds to ϕ such that Γ ϕ is the marked quasifuchsian group uniformizing x 0 and x (cf. [6] 
be the set of cusps in ∂T B x0 and set
, the quotient manifold H 3 /Γ ϕ has two (non-cuspidal) ends corresponding to Σ g,m × (0, ∞) and Σ g,m × (−∞, 0). The negative end is geometrically finite and the surface at infinity is conformally equivalent to M 0 (with orientation reversed). To the other end, we assign a unique minimal and filling geodesic lamination, called the ending lamination for ϕ (cf. [14] and [71] 
emanating from x is defined as follows: For t ≥ 0, let h t : M → h t (M ) is the quasiconformal mapping with the Beltrami differential tanh(t)|q H,x |/q H,x . We set
The following proposition might be well-known. However, we shall give a brief proof for confirmation. Proof.
be an accumulation point of {z t } t≥0 as t → ∞. Let ϕ t ∈ T B x0 be the corresponding point to z t via the Bers embedding.
From (3.5), for any t ≥ 0, the hyperbolic length leng ρϕt (H) of H on the quotient manifold of ρ ϕt satisfies
By the continuity of the length function, H is not realizable in the marked Kleinian manifold associated to ϕ. Hence, the ending lamination associated to ϕ is equal to L(H). From the ending lamination theorem, such a Kleinian surface group is unique.
Masur [42] observed the same conclusion as Proposition 4.1 for multi-curves.
Thurston measure

Train tracks.
A train track τ on Σ g,m is a finite collection of one-dimensional CW -complexes with the following properties:
(1) τ is C 1 away from its vertices, called switches. At any switch the incident edges, called branches, are mutually tangent; and (2) A transverse measure on τ is a non-negative function on the set of branches of τ with the switch condition that at each switch, the totality of the values on incoming branches is equal to that of values on outgoing branches. We denote by M(τ ) the set of transverse measures on τ . A bigon track is said to be complete if it is birecurrent and maximal in the sense that the complement consists of bigons, trigons and once punctured monogons (cf. [63,
such that the image of the support of L is contained in τ ; φ is homotopic to the identity mapping on Σ g,m ; and the restriction of the differential dφ p to the tangent line is non zero for every p ∈ L. A measured foliation is said to be carried by τ if so is the corresponding measured lamination.
Any measured foliation carried by τ is associated with a transverse measured on τ , and vice versa (cf. [63, §1.7] ). The space of transverse measures M(τ ) for complete train (bigon) track τ defines a local chart for measured foliations which are carried by τ . The space MF admits an integral piecewise linear structure with the system of charts defined by complete train (bigon) tracks. (cf. [63] ).
5.2.
Thurston measure on MF. The space M(τ ) is a cone in a subspace of the Euclidean space defined by the switch condition. The natural Lebesgue volume form on M(τ ) defines a Mod g,m -invariant volume form µ T h . The measure µ T h is called the Thurston measure on MF (cf. [63] and [47] ). By definition, for any measurable set E ⊂ MF and t > 0,
5.3. Thurston measure on PMF. For x ∈ T g,m , we define the unit sphere with respect to the extremal length function by
The projection MF − {0} → PMF induces a homeomorphism ψ x : SMF x → PMF. We define a probability measureμ
In this paper, we also callμ 
for continuous functions f on ∂T B x0 . The superscript "B" stands for the initial letter of "Bers". Masur [43] showed that SMF ue x is of full measure in SMF x with respect toμ
is a set of full measure in ∂T 
Double branched covering spaces associated with quadratic differentials
In this section, we recall basic properties of double branched covering spaces defined from the square roots of holomorphic quadratic differentials.
6.1. Double branched covering spaces. Let x 0 = (M 0 , f 0 ) ∈ T g,m and q 0 ∈ Q x0 . Let π q0 :M q0 → M 0 be the double covering space associated to √ q 0 , and i q0 :M q0 →M q0 the covering transformation. The lift of √ q 0 defines a holomorphic 1-form ω q0 onM q0 . When q 0 is the square of an abelian differential,M q0 consists of two copies of M 0 . Let Σ(q 0 ) be the union of the set of singular points of q 0 and the set of marked points of M 0 . The critical graph Γ q0 of q 0 is a graph on M 0 whose vertex set is Σ(q 0 ) and edges are vertical segments with respect to q 0 connecting points of Σ(q 0 ). The edge may be a closed vertical loop containing a vertex, and some vertex is possibly isolated (cf. [30, §1, Chapter I]). LetΓ q0 andΣ(q 0 ) ⊂M q0 be the preimages of Γ q0 and Σ(q 0 ), respectively. An oriented transverse path α to the vertical foliation of ω q0 inM q0 −Σ(q 0 ) is said to be increasing with respect to Re(ω q0 ) if Re(ω q0 ) is positive along α. When an oriented path α is a part of a leaf of the vertical foliation, it is said to be increasing if any increasing transverse path with respect to Re(ω q0 ) cuts α from left to right. An increasing path with respect to Im(ω q0 ) is defined in the same manner. When an oriented path α is a part of a leaf of the horizontal foliation, it is said to be increasing if any increasing transverse path with respect to Im(ω q0 ) cuts α from right to left (cf. [30, Chapter II, §1 and §4]).
Let x = (M, f ) ∈ T g,m and take q x ∈ Q x with v(q x ) = v(q 0 ). There is a homeomorphism h q0,qx : M 0 − Γ q0 to M − Γ qx such that after applying whitehead moves to Γ q0 appropriately, h q0,qx extends to a homeomorphism from M 0 to M which is homotopic to f • f
6.2.
Cycles from lifts of simple closed curves.
− as follows. Replace α by a quasi-transversal curve with respect to v(q 0 ) in its homotopy class and orient the transversal segments of π −1 q0 (α) so that they are increasing with respect to Re(ω q0 ). The sum of these oriented segments is a singular one chain onM q0 whose boundary is in
− , where for a vector space V with an involution, we denote by V − the eigenspace associated with the eigenvalue −1 of the involution. Let S T = S T (q 0 ) be the set of simple closed curves in M 0 whose quasi-transverse realization is contained in
− with the same construction as above. Hubbard and Masur observed that the systems {α q0 } α∈S and {β q0 } α∈ST (q0) generate H 1 (M q0 ,Γ q0 ; Z)
− and H 1 (M q0 − Γ q0 ; Z) − , respectively (cf. [30, Lemma 2.6]). They treat the case where m = 0. However the proof is valid for all cases.
6.3. Naturality with respect to the marking.
as subsets in S. Leth q0,qx :M q0 −Γ q0 →M qx −Γ qx be the lift defined as §6.1.h q0,qx induces a well-defined isomorphisms
We may denote by (h q0,qx ) * these isomorphisms for the sake of simplicity. Let α ∈ S. In general, a quasi-transverse realization α q0 ⊂ M 0 of α with respect to v(q 0 ) is as a union of transverse arcs with respect to the vertical foliation v(q 0 ) whose ends are in Γ q0 . Since the image of the underlying foliation of v(q 0 ) via h q0,qx is deformed to that of v(q x ) via isotopies and the Whitehead moves, each arc-component of h q0,qx (α q0 ) is homotopic to that of a quasi-transverse realization α x of α with respect to v(q x ) rel Γ qx .
From the definition of the lifth q0,qx , we have
− . Thus, we obtain
for α ∈ S and β ∈ S T (q 0 ), where • is the pairing between H 1 (M q ,Γ q ; R) − and
− for q = q 0 and q x (e.g. [29] ).
6.4. Bigon tracks from quadratic differentials. Let x 0 = (M 0 , f 0 ) and q 0 ∈ Q x0 . We construct train tracks from horiztonal and vertical foliations of q 0 .
6.4.1. Bigon track from the vertical foliation. (G1) a graph with only one vertex at a zero of q 0 in the interior of M s whose ends of edges terminate at the interior of I 0 ; (G2) a vertical segment connecting between a zero of q 0 in the boundary of M s and a point in the interior of I 0 ; (G3) a vertical segment connecting between a pole of q 0 in the interior of M s and a point in the interior of I 0 ; (G4) a bipod with center at a non-singular marked point whose ends terminate at the interior of I 0 ; or (G5) a vertical segment connecting two points in the interior of I 0 and passing an end point of I.
After collapsing I 0 by a homotopy supported on a tiny neighborhood of I 0 , we get a bigon track τ v,q0;s from G s which carries the vertical foliation of the restriction of q 0 to M s , and the tangent vector at the switch points to the vertical direction. We may assume each branch of τ v,q0;s to be transverse to the horizontal foliation of q 0 . 
]).
is a complete bigon track on M 0 .
Proof. When v(q 0 ) is essentially complete, there is no (critical) vertical segment of type (G2) above. Hence, from the above discussion, we only check that each τ v,q0;s is birecurrent for all s = 1, · · · , k. The train track τ v,q0;s is recurrent because the transverse measure corresponding to the vertical foliation is positive on each branch (cf. [63, Proposition 1.3.1 and §3.4]). Let b be a branch of τ v,q0;s and R b be the rectangle (tie-neighborhood) associated to the branch b appeared in the decomposition of M s discussed in the beginning of the subsection. Take a small θ with 0 ≤ θ < π such that the horizontal foliation of e iθ q 0 is essentially complete (cf. [69, Theorem 25.1]). Let I ′ ⊂ Int(R b ) be a short vertical segment of e iθ q 0 which does not intersect τ v,q0;s . We consider the horizontal segment I
′′ of e iθ q 0 emanating from an end point of I ′ and terminating at the second intersection point with I ′ . By a standard argument, we can choose subsegments I . By taking the starting horizontal (resp. vertical) segment for constructing G v,q0;s (resp. G v,−q0,s ) and the homotopies collapsing the horizontal (resp. vertical) segment appropriately, we may assume that each point in τ h,q0 ∩ τ v,q0 is the intersection point between the horizontal segment in τ h,q0 and the vertical segment in τ v,q0 . Lemma 6.2. τ v,q0 and τ h,q0 hit efficiently.
Proof. Otherwise, there is a bigon D in M 0 \τ v,q0 ∪τ h,q0 such that the boundary ∂D consists of C 1 -segments α ⊂ τ v,q0 and β ⊂ τ h,q0 . The bigon D has two π/2-corners at end points α ∩ β. Since α and β are transverse to the horizontal foliation and the vertical foliations respectively, α and β are approximated by step curves along which π/2 and 3π/2 appear the same number of times as the interior angles of D, except for those at the end points. By the Teichmülller lemma (or the argument principle), D contains a pole of q 0 (cf. [69, Theorem 14.1] ). This is a contradiction.
− defined by the pullback via the projection π q0 . Sinceτ v,q0 is orientable and any branches are oriented increasingly, any integral transverse measure in M(τ v,q0 )
− represents an increasing quasi-transverse curve inM q0 −Γ q0 . We define a map
whereb runs all branches ofτ v,q0 and the bracket means the homology class in − . General cases follow by approximating by rational transverse measures.
When q 0 is not square, each connected component ofΓ q0 is fixed by the involution i q0 . Hence H 0 (Γ q0 ; R) − = 0 and the inclusionΓ q0 ֒→M q0 induces a surjection Corollary 6.1 (Poincaré duality). Suppose q 0 is not square. For any α ∈ S,
where in the integration of the left-hand side, the integration pathα q0 is thought of as a lift via the surjection
6.6. Naturality. Let F ∈ MF . Let x 0 , x ∈ T g,m and q 0 = q F,x0 ∈ Q x0 and q x = q F,x ∈ Q x . Since the geodesic lamination L(F ) is carried by both τ v,q0 and τ v,qx , any H ∈ MF L(F ) is carried by both τ v,q0 and τ v,qx . From (6.2) and Lemma 6.3, we haveα
Holomorphic coordinates associated to extremal length functions
Throughout this section, we assume that F ∈ MF is essentially complete. Fix x 0 = (M 0 , f 0 ) ∈ T g,m and set q 0 = q F,x0 . In this case, for all x = (M, f ) ∈ T g,m , the differential q F,x is generic, has 4g − 4 + m simple zeros and m simple poles at marked points, and satisfies Γ qF,x = Σ(q F,x ) andΓ qF,x =Σ(q F,x ). The RiemannHurwitz theorem tells us that the genus ofM qF,x is equal to ξ + g. Since there is no vertical saddle connection, any simple closed curve on M F,x is represented as a quasi-transverse curve in M − Γ qF,x . Namely, S T (q F,x ) = S holds in this case (cf. Figure 7) .
We have a natural identification
for K = R or C from the Poincare-Lefschetz duality and the usual discussion with exact sequences (cf. the discussion in [30, Proposition 2.6]). We denote by · the algebraic intersection number on the first homology group. Each vector space in (7.1) is a ξ-dimensional K-vector space.
7.1. Trivialization of double coverings. Let V g,m → T g be the universal curve over the Teichmüller space. The section T g,m ∋ x → q F,x ∈ Q g,m defines a smooth differential form q F on V g,m which coincides with q F,x on the fiber at x ∈ T g,m (cf. [30, §2, Chapter IV]). Since F is essentially complete, the zeros of q F define mutually disjoint smooth sections T g,m → V g,m . The square root √ q F defines the double covering spaceṼ g,m → V g,m branched along zeros of q F , and the induced projectionṼ g,m → T g,m is a smooth fiber space whose fiber at x is equal toM qF,x . The square root √ q F is lifted to a smooth 1-form ω F onṼ g,m which coincides with ω qF,x onM qF,x ⊂Ṽ g,m .
Since T g,m is contractible, the fiber spaceṼ g,m → T g,m is globally trivial. Hence, we have a canonical identification
for K = R or C which commutes the involutions onM qF,x andM q0 .
Horizontal foliations and intersection numbers.
Letτ h,q0 ⊂M q0 be the lift of τ h,q0 (cf. §6.4.2). The bigon trackτ h,q0 is oriented such that each branch is increasing with respect to Re(ω q0 ). As §6.5, we define a mapping
whereb runs all branches ofτ h,q0 andν ∈ M(τ h,q0 ) − is the lift of ν ∈ M(τ h,q0 ). For G ∈ MF which is carried by τ h,q0 , we define ν h G ∈ M(τ h,qF,x ) the corresponding transverse measure to G. By the same argument after Lemma 6.3, we obtain the following lemma and corollary.
Lemma 7.1 (Algebraic and geometric intersection number). Suppose that G ∈ MF is carried by τ h,q0 ,
In addition, when H ∈ MF is carried by τ v,q0 ,
Corollary 7.1 (Poincaré duality). For any β ∈ S,
− . By composing the isomorphism (7.2), we define
− is a smooth embedding. The image of H F is the open cone
The mapping H F is smooth since so are q F and ω F . From Lemma 7.1, when β ∈ S is carried by τ v,q0 ,
[20, Exposé 6 and Appendice]). Applying a power of a pseudo-Anosov mapping whose stable foliation is carried by τ v,q0 to the curves {β k } k , we may assume that each β k is carried by τ v,q0 . Then, the injectivity of the mapping H F follows from substituting β k into (7.5) for k = 1, · · · , N (cf.
[26, Theorem 3.1]). Furthermore, from (6.4) and Lemma 7.1 again, we also have
We check the mapping H F is proper. Let K ⊂ C F be a compact set. Let {x n } ∞ n=1 ⊂ T g,m with H F (x n ) ∈ K for n ∈ N. From Lemma 6.3 and the discussion around (7.4), there is ǫ 0 = ǫ 0 (K) > 0 such that
We may assume that the projective classes {[h(q F,xn )]} n ⊂ PMF converges to [G] ∈ PMF. Thus means that there is a sequence {t n } n of positive numbers such that t n h(q F,xn ) → G as n → ∞ in MF. Since H F (x n ) ∈ K and the algebraic intersection number is continuous, for any β ∈ S, there is c(β, K) > 0 such that
for n ∈ N (cf. Lemma 7.1). Since M(τ v,q0
) defines an open set in MF , we can take β ∈ S carried by τ v,q0 such that i(G, β) > 0. Applying (7.7) to such β we see that t n ≥ t 0 for some t 0 > 0. Hence, we may also assume that t n → t ∞ > 0 as n → ∞.
We check G and F are transverse. Otherwise, there is a sequence {H n } n in SMF x0 such that as n → ∞. Since SMF x0 is compact, we may assume that H n → H ∈ SMF x0 as n → ∞. Then, i(G, H) + i(H, F ) = 0. Since F is essentially complete, H and F are topologically equivalent (cf. [65, Theorem 1.12]). Hence, H ∈ MF L(F ) and
from (7.6), which is a contradiction. Thus, there is x ∞ ∈ T g,m such that h(q F,x∞ ) = G/t ∞ (cf. §3.1). From the above calculation, we obtain h(q F,xn ) → h(q F,x∞ ) and q F,xn → q F,x∞ as n → ∞. Therefore x n → x ∞ and H −1
We define a symplectic basis
From Corollary 7.1, the mapping Φ factors through H 1 (M q0 ; R) − with the embedding (7.3). We denote by y = (y A , y B ) = (y
Let H ∈ MF L(F ) . From Lemma 6.3 and (6.4),
2ξ is continuous (see also [30, Lemma 4.3] ). We define a convex cone
where the superscript "T " means the transpose of matrices (vectors). From Theorem 7.1, we have Proposition 7.1 (Coordinates). The mapping
is a diffeomorphism onto the image. The image coincides with H F .
7.5. Presentation of the complex structure. We first notice the following variational formula obtained in [53] : For v ∈ T x T g,m , let λ → f (λ) ∈ T g,m be the holomorphic disk defined around λ = 0 with f (0) = x and f * (∂/∂λ | λ=0 ) = v. Then
Since the real part of the period function λ → C ω q F,f (·) is a constant function for each c ∈ H 1 (M q0 ) (Corollary 6.1), when λ = s + it, we have
Let y ∈ H F and x = (M, f ) ∈ T g,m with y = Φ(x).
be the Abelian differential onM qF,x normalized by
and Π = Π(y) = (π 1 , · · · , π ξ ) = (π jk (y)). From the definition,
where
Comparing the B-periods of both sides of (7.10), we have the following relation: 
We define an almost complex structure J on H F by Indeed, Proposition 7.2 follows from the identity
for x ∈ T g,m and j = 1, · · · , ξ, where η vj (x) is the q F,x -realization for the tangent vector v j (x) (cf. (2.1) ). The identity (7.13) is derived from (7.9) by comparing the A k and B k -periods of the real parts (cf. [57, Lemma 4.2]). From (2.2) and (7.13),
) and Φ is holomorphic.
Complex analysis
PSH exhaustions and Boundary measures.
Let Ω be a domain in C n . A function u on Ω is said to be plurisubharmonic (PSH) if for each a ∈ Ω and b ∈ C n , the function λ → u(a + λb) is subharmonic or identically −∞ on every component of the set {λ ∈ C | a + λb ∈ Ω}. A function u on Ω is, by definition, pluriharmonic if u ∈ C 2 (Ω) and the restriction to any complex line that meets Ω is harmonic. The real part of a holomorphic function on Ω is pluriharmonic (e.g. Let Ω be a bounded hyperconvex domain in C n . Let u : Ω → [−∞, 0) be a continuous PSH-exhaustion on Ω and set S u (r) = {z ∈ Ω | u(z) = r} and B u (r) = {z ∈ Ω | u(z) < r}. For r < 0, there is a Borel measure µ u,r on C n supported on S u (r) which satisfies the Lelong-Jensen formula:
for any PSH function V on Ω, where
When Ω (dd c u) n < ∞, there is a Borel measure µ u on C n which is supported on ∂Ω such that µ u,r converges to µ u weakly on C n and µ u (∂Ω) = Ω (dd c u) n . The measure µ u is called the boundary measure associated to u (cf. [19, Théorème et Définition 3.1]). We will use the following result due to Demailly later. Proposition 8.1 (Théorème 3.8 in [19] ). Let Ω be a bounded hypervconvex domain in C n . Let u, v : Ω → [−∞, 0) be PSH-continuous exhaustions with
Suppose that there is an relatively open N 0 ⊂ ∂Ω and a function λ ≥ 0 on N 0 such that for all z ∈ N 0 , lim sup
Then dµ u ≤ λ n dµ v on N 0 . If the lim-sup is the limit, dµ u = λ n dµ v on N 0 .
Pluricomplex Green function and Pluriharmonic measures.
Demailly also observed that for any bounded hyperconvex domain Ω in C n and w ∈ Ω, there is a unique PSH function g Ω,w : Ω → [−∞, 0) such that (1) (dd c g Ω,w ) n = (2π) n δ w , where δ w is the Dirac measure with support at w; and (2) g Ω,w (z) = sup v {v(z)}, where the supremum runs over all non-positive PSH function v on Ω with v(z) ≤ log z − w + O(1) around z = w (cf. [19, Théorème 4.3] ). The function g Ω (w, z) = g Ω,w (z) is called the pluricomplex Green function on Ω. The pluricomplex Green function g Ω,w is a continuous exhaustion on Ω for fixed w ∈ Ω. For w ∈ Ω, the boundary measure associated with u Ω,w = (2π) −n g Ω,w is called the pluriharmonic measure of point w (cf. [19, Définition 5.2] ). The pluriharmonic measure of point w provides the following integral formula:
for any PSH function V which is continuous on Ω.
9. The Monge-Ampère measure and Measures on horospheres 9.1. Extremal length functions on the chart. We discuss with the chart on T g,m in Proposition 7.1 for an essentially complete measured foliation F . For the simplicity we set ǫ G (y) = Ext Φ −1 (y) (G) for y ∈ H F and G ∈ MF . From (7.11) and Riemann's bilinear relation, we have
for y ∈ H F . Under the chart in Proposition 7.1, we define smooth vector fields Z = (Z j ) 1≤j≤ξ
and Z = (Z j ) 1≤j≤ξ , and 1-forms
By definition,
Hence, from the observations in §7.5, Z k and Z k are (1, 0) and (0, 1)-vector fields, and Ω k and Ω k are (1, 0) and (0, 1)-forms on
are a smooth frame on the holomorphic tangent bundle and and a smooth coframe of the holomorphic cotangent bundle on H F (and hence on T g,m ). In [57] , we obtain the following calculation.
Proposition 9.1. The differentials and the Levi-form of the extremal length function of F satisfies the following:
For confirmation, we give a sketch of the proof. From (7.11), (9.1) and (9.2),
where (a B F ) k is the k-th coordinate of a B F . Hence we obtain (9.4) and (9.5). In general, for a smooth function f on H F , the Levi form of f is given by
where c l jk is defined by
We can see that c jk = (c
By differentiating both sides of (7.11) and the complex conjugation by Z k and Z l ,
Therefore, we obtain
We can also check that
Therefore, the coefficient of the Levi form for Ω k ∧ Ω l is equal to
Im(π kl ).
Monge-Ampère measures associated with extremal length functions.
We define a (1, 0)-vector field X on H F ( ∼ = T g,m ) by
on H F ∼ = T g,m , where stands for the contraction (e.g. [13] ). From (9.3) and (9.6),
Namely, the Monge-Ampère measure of ǫ F coincides with the constant multiple of the Euclidean measure under the chart. Define a function u G on T g,m by
for y ∈ H F and G ∈ MF . From [53, Theorem 5.3] , u G is a continuous PSHfunction on T g,m for all G ∈ MF . Notice from (9.9), (9.10), (9.11) and (9.12) that
Hence, the (1, 0)-vector field X on H F is in the null-space of the complex Hessian dd c u F of u F , and u F satisfies the homogeneous Monge-Ampère equation
. From (9.13), we obtain
Proposition 9.2. The tangent vector field X corresponds to the (1, 0)-vector associated to the infinitesimal Beltrami differential q F,x /|q F,x | at x ∈ T g,m .
Proof. Let x = (M, f ) ∈ T g,m . Let v ∈ T x T g,m be the tangent vector associated to the infinitesimal Beltrami differential q F,x /|q F,x |. By the defintion of the q F,xrealization, η v = q F,x . Let λ → f (λ) be a holomorphic disk defined around λ = 0 which satisfies f (0) = x and f * (∂/∂λ | λ=0 ) = v. From (7.8),
This means Φ * (v) = X Φ(x) from (9.7).
9.3. Measures on the horospheres. For G ∈ MF and R > 0, we define the horosphere for G by
From (9.1), under the coordinates in Proposition 7.1, the horosphere HS(F ; R) is represented as the affine subspace
Henceforth, we also denote by HS(F ; R) the set (9.17) under the coordinates in Proposition 7.1. From Proposition 9.2, the tangent vector field W is the gradient vector field of the extremal length function for F . From (9.16), the contraction
is a non-trivial Borel measure on the horosphere HS(F ; R). Let t ∈ R, we set T t (y) = e 2t y. From (9.1), (9.8) and (9.18),
for all Borel set E ⊂ HS(F, R). From (9.18) and (9.19),
holds for any Borel set E ⊂ HS(F, R) and R > 0, whereÊ = {T t−log( Ψ :
Since the piecewise linear structure on MF is determined by the intersection number function associated with some finite system of simple closed curves, from (7.5), the mapping (9.21) is a piecewise linear homeomorphism onto its image (cf. [16] , [20, Exposé 6 and Appendice] and [65] ). Hence the pushforward measure Ψ * ((dd c ǫ F ) ξ ) via the mapping (9.21) is locally comparable with the Thurston measure µ T h . See also another treatment of µ T h by Masur in [43, §4] .
Let PMF F ⊂ PMF be the projection of the image Ψ(H F ) ⊂ MF − {0}. For x ∈ T g,m , let SMF F x ⊂ SMF x be the corresponding subset via the identification
is an open subset of SMF x . For R > 0, we define a homeomorphism
in such a way that for G ∈ SMF F x , Ψ(T R,x (G)) is projectively equivalent to G in MF.
T h (E) for all R > 0 and all Borel set E on U , where ≍ means that the measures are comparable with constants independent of the choice of the set E in U , but may depend on U .
Proof. Since the image T R,x (U ) is relatively compact in H F , from the above discussion and (9.20), the measure m F,R is comparable with the pushforward measure (T R,x ) * (μ x T h ) on T R,x (U ). From (9.19) (or (9.20) again), the constants for the comparison are independent of R > 0.
Pluricomplex Green function on T g,m and Extremal length functions.
Krushkal [38] observed that the pluricomplex Green function g Tg,m on T g,m is represented as
See also [54] for another proof. For G, H ∈ MF, we define a continuous PSH-function on T g,m by
Proposition 9.4. When G, H ∈ MF are transverse, the function u G,H is a continuous and negative PSH-exhaustion on T g,m , and satisfies
where the constants for the comparison depend only on G, H and x 0 .
Proof. Since G and H are transverse, there is an ǫ 0 > 0 such that i(G, J)
Since extremal length functions are positive functions,
for all x ∈ T g,m . The comparison (9.24) follows from (9.25) and (9.26).
Let K be a compact set in T g,m containing x 0 in the interior. From the Krushkal formula (9.23) and Proposition 9.4, we have
where the constants for the first comparison depend only on K.
Proof. We identify T B x0 with T g,m via the Bers embedding (cf. §4.2). Fix r < 0. We set g Tg,m,x0;r (x) = max{r, g Tg,m (x 0 , x)}.
Then, g Tg,m,x0;r is a continuous PSH-exhaustion on T g,m . Since g Tg,m,x0;r coincides with g Tg,m (x 0 , · ) in the outside of a compact set containing x 0 ,
Since both g Tg,m,x0;r (x) and u G,H (x) are negative bounded functions, from (9.27), there is a constant A = A(G, H, x 0 , r) > 0 such that . Hence, the Bedford-Taylor comparison theorem implies
9.6. Behavior of u F,G and u F around ∂T g,m . We continue to identify T Proof. Take an essentially complete F ∈ MF which is realizable in the Kleinian manifold associated to ϕ, that is, leng ρϕ (F ) > 0. Since the length function is continuous on the Bers compactification, we can take a small neighborhoodN of ϕ in A 2 (D * , Γ 0 ) such that the ending laminations of the Kleinian surface groups in the closure ofN ∩ T B x0 does not coincide with L(F ) (see also [15, Lemma 30] ). One can check that such anN satisfies the condition (2). Take G ′ ∈ MF which is transverse to F .
We claim
.
Proof of Claim 1. Otherwise, there is a sequence
. Let G xn ∈ SMF x0 be the vertical foliation of the quadratic differential associated to the Teichmüller geodesic connecting from x 0 to x n . By taking a subsequence, we may assume that {x n } n converges to ϕ 0 in the closure ofN ∩ ∂T B x0 and to [H ∞ ] ∈ PMF in the Thurston compactification, and {G xn } n converges to
We claim i(F, G ∞ ) = 0. Otherwise G ∞ is topologically equivalent to F since F is essentially complete, and so is H ∞ (cf. [65] ). This means i(F, H ∞ ) = 0. On the other hand, from [61, Theorem 5.2], the limit H ∞ is disjoint from the parabolic loci of the Kleinian manifold asssociated to ϕ 0 and satisfies i(H ∞ , H ′ ) = 0 for any
coincides with the ending lamination of a geometrically infinite end of the Kleinian manifold associated to ϕ 0 . This is a contradiction.
Since i(F, G ∞ ) = 0, there is a constant ǫ 0 > 0 such that i(F, G xn ) ≥ ǫ 0 for sufficiently large n. Hence,
and
for sufficiently large n, which is a contradiction.
Pluriharmonic measure and Thurston measure
For x ∈ T g,m , we denote by ω The aim of this section is to prove the following. 
for ϕ ∈ T B x0 . Since every monodromy ρ ϕ is faithful and discrete for ϕ ∈ T B x0 , tr
. Therefore, F γ is holomorphic on T n of F γ is represented by
).
The n-th power (F γ ) n converges pointwise to the characteristic function χ APT be the totally degenerate group whose ending lamination is equal to L(H). By Proposition 9.6, there are F H , G H ∈ MF and a neighborhoodN H of ϕ H such that F H is essentially complete, F H and G H are transverse and satisfy
is compact, we can choose a finite system {N Hi } i which covers ∂T 
We define a function τ i :
Proof. Suppose to the contrary that τ i is not upper semicontinuous at
. Namely, there are ǫ > 0 and {H n } n ⊂ SMF mf x ( ∼ = PMF mf ) such that τ (ϕ Hn ) ≥ τ (ϕ G ) + ǫ and ϕ Hn → ϕ G . Then, the Hausdorff limit (in the space of geodesic laminations) of any subsequences of {L(H n )} n contains L(G). Hence, any accumulation point of {H n } n in SMF x is topologically equivalent to G since G is minimal and filling (see the discussion in the last second paragraph in [27, §1] ). Therefore, we may assume that there is a sequence {t n } n in R such that t n ≥ τ (ϕ G ) + ǫ/2 such that R Hn (t n ) ∈N i and
. When {t n } n is bounded from above, we may also assume that t n → t ∞ . Since
Suppose t ∞ → ∞. We may assume that {R Hn (t n )} n converges to ϕ ∞ in T B x0 . By the same discussion as the proof of Proposition 4.1, we have
where ϕ n ∈ T B x0 is the corresponding point to R Hn (t n ). From the continuity of the length function, we have leng ρϕ ∞ (G ′ ) = 0. Therefore we obtain
This is also a contradiction sinceN i is a neighborhood of ϕ G . ( 
s , t > 0}. From the above discussion, R s satisfies an open condition in the sense that any z ∈ R s admits a neighborhood V z in T B x0 with V z ∩ R ⊂ R s . Next we claim
is open, we can take a neighborhood of ϕ G with the first condition. We need to show the existence of a neighborhood of ϕ G with the second condition.
Otherwise, there is a sequence {z n } n ⊂ R ∩N i with z n / ∈ R s and z n → ϕ G in T B x0 . Take t n > 0 and H n ∈ SMF mf x with R Hn (t n ) = z n . By taking a subsequence, we may assume that H n converges to some G ′ ∈ SMF x as n → ∞. Then,
where ϕ n ∈ T B x0 is the corresponding point to z n ∈ T g,m . Since z n → ϕ G and G ∈ SMF mf x , from the continuity of the length function, G ′ is topologically equivalent to G. Therefore, ϕ Hn → ϕ G ′ = ϕ G . This implies that ϕ Hn ∈ U mf s ∩N i and H n ∈ U mf s for sufficiently large n. This is a contradiction.
Let us proceed the proof of Proposition 10.2. We define an open set in the ambient space A 2 (D * , Γ 0 ) by
From the definition,
is a subset of full-measure on SMF x , from Proposition 9.3, 
where the constants for the comparisons are independent of U . 
is a proper (linear) subspace in any train track coordinates around G. Thus, from Theorem 10.1, we deduce 
Pluriharmonic Poisson kernel
The aim of this section is to determine the Poisson kernel for Teichmüller space. 
, where F ϕ ∈ MF is defined as §1.2. Indeed, (11.2) is observed in general situations by Demailly [19, Théorème 5.3 ]. Henec we only show (11.1).
be a sequence converging to ϕ ∈ ∂ ue T B x0 . Then, {x n } n converges to the projective class [F ϕ ] in the Gardinar-Masur compactification.
Proof of Claim 4. This claim follows by applying the discussion in [52, §3] . However, we give a proof for confirmation.
Take α n ∈ S with Ext xn (α n ) ≤ M for some constant M depending only on (g, m) (cf. [10, Theorem 1] ). By taking a subsequence, we may assume that t n α n → F ∈ MF − {0} with some t n > 0. Since x n converges to a totally degenerate group without APT, Ext x0 (α n ) → ∞ and hence t n → 0 (cf. [1] ). By the Bers inequality and (3.5), the hyperbolic length of the geodesic representation of t n α n in the quasifuchsian manifold associated with x n tends to 0. From the continuity of the length function, any sublamination of the support of F is non-realizable in the Kleinian manifold associated with ϕ. Hence, the support of F is contained in F ϕ and i(F, F ϕ ) = 0. Thus we have
Notice that PMF is contained in the Gardiner-Masur boundary. By taking a subsequence if necessary, we assume that x n → p ∈ ∂ GM T g,m . From (3.9),
From the characterization of uniquely ergodic measured foliations in the GardinerMasur compactification, we conclude that
Let us finish the proof. From (3.8), (3.9) and the Krushkal formula (9.23),
. This implies (11.1).
Remark 11.1. The Poisson kernel P(x, y, · ) is not pluriharmonic in the variable y when ξ ≥ 2. Indeed, when F ∈ MF is uniquely ergodic and essentially complete, 
Green formula and Boundary behavior of Poisson integral
The aim of this section is to complete the proof of the Poisson integral formula (Theorem 1.1). Indeed, Theorem 1.1 is derived from the following theorem.
Theorem 12.1 (Green formula). Let V be a continuous function on the Bers compactification T B x0 which is plurisubharmonic on T B x0
where g x (y) = (2π) −ξ log tanh d T (x, y). Furthermore, when ξ ≥ 2,
From the definitions of the function P and the probability measure µ B x0 , the first terms of the above Green formulas are dealt with from Thurston theory and Extremal length geometry. It is also possible to discuss the second terms from the topological aspect in Teichmüller theory. Indeed, the Levi form of the pluricomplex Green function has a topological interpretation in terms of the Thurston symplectic form on MF via the Dumas Kähler (symplectic) structure on the space of holomorphic quadratic differentials (cf. [54] . See also [21, Theorem 5.8] 
where · ∞ is the hyperbolic supremum norm on A 2 (D * , Γ 0 ). Then f * is bounded and upper semicontinuous on T B x0 and satisfies
. Since µ gx,r converges to ω x0 x weakly as r → 0 on A 2 (D * , Γ 0 ), from (12.1), = µ T h ({tG | G ∈ E, 0 ≤ t ≤ 1}) =μ
[ω](x) T h (E).
Therefore we obtain and the measure-forgetting mapping from PMF mf to the Gromov boundary of the complex of curves (cf. [39, Theorem 6.6] ). The measure-forgetting mapping is the quotient mapping (cf. [27] and [34] ). Since the intersection number function is continuous, (Ξ x0 • ψ x0 ) −1 (N (ϕ H ; δ)) = {G ∈ SMF 12.4. Representation with PMF. We close this section with a discussion on the integral representation from the topological point of view.
We identify SMF x0 with PMF as §5.3. We think ofμ x0 T h as a Borel measure on PMF under the identification. We define a linear operator Using the formulation as in Corollary 12.1, we also deduce the following.
Corollary 12.2 (Mirzakhani and Dumas [21] ). The Hubbard-Masur function is constant.
Proof. For x ∈ T g,m we set BMF x = {F ∈ MF | Ext x (F ) ≤ 1}. The HubbardMasur function is defined to be T g,m ∋ x → µ T h (BMF x ) (cf. [21, §5.7] ). 
is homeomorphic (the origin is sent to the origin). Therefore, from (5.1), the last term of (12.5) coincides with µ T h (BMF x )/µ T h (BMF x0 ).
